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Recently, it has been shown that with the inclusion of overtones, the post-merger gravitational
waveform at infinity of a binary black hole system is well-modelled using pure linear theory. However,
given that a binary black hole merger is expected to be highly non-linear, where do these non-
linearities, which do not make it out to infinity, go? We visualize quantities measuring non-linearity
in the strong-field region of a numerical relativity binary black hole merger in order to begin to
answer this question.
I. INTRODUCTION
Recently, it has been found that the post-merger grav-
itational radiation from a numerical relativity binary
black hole merger can be fully described by linear the-
ory [1, 2]. This phenomenon has additionally been
probed experimentally, using gravitational wave data from
GW150914 [2]. This is a surprising result, given the highly
non-linear nature of binary black hole mergers. Given
that, at future null infinity, the gravitational radiation is
purely linear, what happens to the non-linearities from
merger?
In a numerical relativity simulation, we have access
not only to the gravitational waveform of a binary black
hole merger, but the entire strong-field region through
inspiral, merger, and ringdown. In this study, we thus
attempt to measure non-linearities in the strong-field
region, and track where these non-linearities go during
the post-merger phase.
Specifically, we use a set of gauge-invariant quantities
that can be evaluated pointwise on the computational
domain that were first theoretically proposed in [3] and
whose properties we numerically explored in [4]. These
quantities measure the closeness of a spacetime to Kerr,
and hence we refer to them as Kerrness measures. In [4],
we showed the ability of these measures to quantify non-
linearities in black hole spacetimes (cf. Fig. 3 of [4]), a
key result that we will make use of in this study.
We will use these Kerrness measures to track the be-
havior of non-linearities in the strong-field region of a
numerical binary black hole merger, with the main ‘prod-
uct’ of this analysis being visualizations of these quantities
on the computational domain as a function of time to see
where the non-linearities ‘go’.
We first introduce these measures of non-linearity in
Sec. IIA, with more details available in [4]. In Sec. III,
we present our results for investigating non-linearities on
an equal mass, non-spinning binary black hole merger. In
Sec. III B, we corroborate the results of [1] by showing that
the post-peak gravitational radiation is fully describable
by linear perturbation theory. In Sec. III C, we investigate
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the behavior of the Kerrness measures in the strong field
region. We summarize in Sec. IV.
We set G = c = 1 throughout. Quantities are given
in terms of units of M , the sum of the Christodoulou
masses of the background black holes at a given relaxation
time [5]. Throughout this paper, we will make use of some
numerical relativity terms, mostly the concept of a spatial
spacetime slices that arise from a 3+1 decomposition. For
more details on the spatial slicing of spacetime, please
see [6].
II. METHODS
A. Measuring non-linearity
In order to quantify non-linearities on the computa-
tional domain during a binary black hole merger, we
will use a set of gauge-invariant, point-wise evaluated
Kerrness measures. These measures were first outlined
theoretically in [3], and evaluate analytically to zero if
and only if a spacetime is Kerr or a linear perturbation of
Kerr. In [4] we performed numerical computations with
these measures that were not possible to be performed
analytically.
While the technical details and origins of these Kerrness
measures are given in detail in [4], the key result that we
will make use of here is the ability of these measures to
quantify non-linearities in a black hole spacetime. In [4]
we performed the following experiment. We began with
a Kerr metric, gKerr (with indices dropped for ease of
notation), and added a linear quasi-normal mode pertur-
bation hQNM (cf. [7–9]) with strength ε, giving a linearly
perturbed metric
glinear = gKerr + εhQNM . (1)
The linearly-perturbed metric in Eq. (1) does not fully
satisfy the non-linear constraint equations (which arise
from the Einstein field equations, cf. [6]), rather having
errors at O(ε2).
We then re-solved the non-linear constraint equations
given the metric in Eq. (1) (cf. [6, 10, 11]) to obtain a
non-linearly perturbed black hole spacetime, with non-
linearities entering in at O(ε2).
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2We then evaluated the Kerrness measures on this non-
linearly perturbed spacetime, and the results are given
in Fig. 3 of [4]. We found that as a function of the
perturbation strength ε, the Kerrness measures increased
quadratically from zero for low values of ε. This in turn
means that the Kerrness measures were picking up on
non-linearities in the spacetime. At higher values of ε, the
Kerrness measures increased with higher powers (cubic,
quartic), showing that they were picking up on higher-
order non-linearities. This is the main result from [4]
that we will make use of in this study - the ability of the
Kerrness measures to quantify non-linearities in a black
hole spacetime.
How does this result apply to the binary black hole
spacetimes we aim to consider in this study? Initially,
at infinite separation, a binary black hole spacetime can
be treated as a linear superposition of two Kerr space-
times [12]. Thus, we expect no non-linearities to be
present, and expect the Kerrness measures to be zero.
The final state of a binary black hole merger is a station-
ary Kerr black hole [4, 13, 14], on which the Kerrness
measures are also zero. The merger process, however,
introduces non-linearities in the spacetime surrounding
the two black holes, as they can be thought of non-linearly
‘perturbing’ one another. Thus, we start from a spacetime
where the Kerrness measures are zero, end with a space-
time where the Kerrness measures are zero, and between
the two will use the Kerrness measures to observe the
formation of non-linearities and see where they go.
1. Numerical details
Before we use these Kerrness measures to track non-
linearities on the binary black hole merger spacetime,
however, there is a numerical subtlety we must address.
Theoretically, each of the Kerrness measures evaluates
to precisely zero on a Kerr spacetime. However, in nu-
merical practice, due to finite numerical resolution, these
quantities are non-zero on a Kerr spacetime, but converge
to zero with increasing numerical resolution. Moreover,
given that we use a pseudo-spectral code as detailed in
Sec. III A, the Kerrness measures converge exponentially
to zero. We show a test of this convergence in Fig. 5
of [4].
In a binary black hole simulation with finite numerical
resolution, there is thus a numerical noise floor for the
Kerrness measures, that is unphysical and due purely to
numerical resolution. How can we correct for such noise
when analyzing the behavior of the Kerrness measures?
We know from multiple different diagnostics that the
final remnant of a binary black hole simulation is a Kerr
spacetime [4, 13, 14]. We can thus use the non-zero values
of the Kerrness quantities late after merger to infer the
value of the numerical noise floor. Additionally, we use
a combination of superposed Kerr-Schild black holes for
the initial data, following [12]. While we do re-solve
the non-linear constraints for the initial, at large enough
initial separation, the spacetime should be close to a
linear superposition. We can thus use this to inform the
numerical floor for the Kerrness quantities as well.
Thus, when we investigate the Kerrness measures on
the binary black hole merger, we will use this inferred
numerical resolution floor as our ‘zero’. In other words,
when we show a 2-dimensional colormap of a given Ker-
rness measure, instead of setting the lower bound of the
colormap to 0.0, we will instead set it to the numerical
noise floor. The upper bound of the colormap will be
set by the maximum value of the Kerrness quantity over
time and the computational domain. These bounds will
differ for each of the Kerrness quantities, are we are most
interested in the relative scale, in terms of how many
orders of magnitude are spanned in non-linearity above
the lower bound. As we shall see in Sec. III C will result
in a range of ∼ 105.
B. Considering horizons
Since we are interested in where non-linearities ‘go’, it
is worth taking some time to discuss black hole horizons.
We provide a cartoon illustration of event and apparent
horizons in Fig. 1.
Recall that the event horizon in a 4-dimensional space-
time is a 3-dimensional hypersurface that separates the
events that can emit null rays that propagate to future
null infinity from those that cannot (cf. [15]). If gravi-
tational radiation enters a black hole event horizon, it
cannot then escape to future null infinity, where gravita-
tional wave detectors live. Thus, if we look at whether
non-linearities in a binary black hole simulation are inside
or outside of the event horizon, we can see whether they
will make it out to the gravitational wave detector. For
a binary black hole simulation, the event horizon looks
like a ‘pair of pants’ (cf. [16, 17]), where each pant leg
corresponds to one of the two black holes, and the two
legs combine smoothly to form the final black hole.
In order to find the event horizon in a numerical rela-
tivity simulation, however, we need access to the entire
history of the spacetime (recall that the event horizon is a
3-dimensional hypersurface). While the event horizon can
be found during post-processing of a simulation (cf. [16–
18]), an easier computation to perform during a simulation
is to consider the apparent horizon. The apparent horizon
is a 2-dimensional surface of zero expansion on each slice
of a black hole spacetime (cf. [6]). The apparent horizon
is relatively simple to find on each slice of a numerical
relativity simulation [19–21]. A key aspect of apparent
horizons is that they always lie inside of or coincide with
the event horizon. Thus, if some non-linearities enter the
apparent horizon, we know that they have entered the
event horizon as well.
In binary black hole spacetime there are initially two
apparent horizons on early slices, one for each black hole.
As the black holes merge, a common apparent horizon,
which encompasses both of the individual black hole hori-
3zons, forms. The precise coordinate time at which this
occurs in slicing-dependent (cf. [17]), and hence the time
of formation of the common horizon is not physically
meaningful. However, the common horizon lies inside
of the event horizon, which is a physically meaningful
surface. Thus, any non-linearities that enter the common
horizon have entered the even horizon as well, and will
not make it out to the gravitational wave detector.
Finally, we must make a computational aside on hori-
zons, having to do with excision regions. In the code
that we use in this study, the Spectral Einstein Code
(SpEC) [22], we excise the black hole singularities from
the computational domain by excluding the regions in-
side of the apparent horizons from our computational
grid. Because the excised region is causally disconnected
from the exterior, this does not affect the data on the
computational domain. Once the common horizon forms,
everything inside of the common horizon is excised from
the computational domain. The actual procedure is more
subtle, requiring making sure that the excision boundaries
are surfaces with no ingoing characteristics into the com-
putational domain. Technical details are given in [23], but
for the purposes of our study, we note the excision surfaces
are always inside or coincide with the apparent horizons,
and thus any non-linearities that leave the computational
domain by way of the excision region are inside of the
apparent horizons, which in turn are inside of the event
horizon. Thus when we visualize the Kerrness measures
in the strong-field region of a binary black hole merger,
we will show the excision region, and anything that enters
the excision region has entered the event horizon.
III. RESULTS
A. Simulation details
For this study, in order to isolate the behavior of non-
linearities, we consider the simplest system: an equal mass,
non-spinning, circular binary, choosing an initial orbital
frequency of Ω0 = 0.025/M . We use the Spectral Einstein
Code [22], with the methods given in [23–27] to simulate
the binary. We perform simulations for low, medium,
and high resolutions, with each resolution n decreasing
the truncation error tolerance by a factor of 4−n (cf. [24]
for more details). We check that the behavior presented
in this study is convergent with numerical resolution.
The common apparent horizon (cf. Sec. II B) forms at
coordinate time t = 1127.0M , and the final black hole has
a Christodolou mass 0.9517M and a final dimensionless
spin of 0.686.
B. Linearities in the wave-zone
The post-merger gravitational waveform for this simu-
lation can be fit by linear theory, using a sum of quasi-
normal modes including overtones all the way back to
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FIG. 1. Schematic of horizons during a binary black hole
merger, as detailed in Sec. II B. Each of the light blue planes
corresponds to a 3-dimensional spatial slice of the simulation
(with one dimension suppressed), and the coordinate time of
the simulation is increasing from the bottom of the figure to
the top. The green, ‘pants-like’ region corresponds to the event
horizon, which is a 3-dimensional hypersurface. Anything that
enters the event horizon, including non-linearities, will not
make it out to future null infinity, where the gravitational
wave detectors are located. Each leg of the pants corresponds
to each black hole, while the top of the pants corresponds to
the final black hole after merger. On each slice, we show the
2-dimensional apparent horizons, which are always located
inside of the event horizon. Hence, any non-linearities that
enter the apparent horizons will not reach the gravitational
wave detector. Initially, each black hole has an apparent hori-
zon (blue circles), and during merger, a common horizon (blue
circle) forms, encompassing both of the individual horizons. In
numerical simulations, the region inside of the outermost ap-
parent horizon on the slice is excluded from the computational
domain.
the peak of the waveform. In Fig. 2, we show fits for
the dominant (2, 2) mode of the Newman Penrose scalar
rΨ4 and the gravitational wave strain rh using 4 over-
tones, both extrapolated to infinity using the methods
in [5]. We use the fitting methods detailed in [28], with
the quasi-normal mode frequencies for each overtone given
by [29]. This demonstrates that far from the black holes,
the gravitational radiation is fully described by linear
theory.
C. Non-linearities in the strong-field region
Given that the post-merger gravitational radiation is
well-described by linear theory, let us now investigate
the presence of non-linearities in the strong-field region.
As outlined in Sec. IIA, each of the Kerrness measures
considered in this paper can be used to measure non-
linearities in the spacetime. For each quantity, we will
present its value on a set of spatial slices during the
4−20 0 20 40
(t− tpeak)/M
10−5
10−3
10−1
(2
,2
)
M
od
e
rΨ4 Fit
rΨ4
rh Fit
rh
FIG. 2. Quasi-normal mode fits to the post-merger gravi-
tational radiation, as described in Sec. III B. We show the
dominant (2, 2) mode of the extrapolated Newman-Penrose
scalar rΨ4 (dashed gray) and the strain rh (dashed red) as a
function of time to the peak of rh. We fit a combination of
overtones of the (2, 2) mode in each case (solid lines), showing
that the fit is faithful all the way back to the peak of rh. In
this figure, we use a combination of 4 overtones, but we check
that the fit improves with the addition of more overtones.
merger, with each slice being labeled by a coordinate
time of the simulation. While our simulations are fully
3-dimensional, for ease of visualization, we present the
quantities in the plane normal to the orbital angular
momentum of the binary (note that there is no precession
in our non-spinning simulation). We will present three of
the Kerrness measures given in [4] (due to the fact that
the others require taking higher numerical derviatives and
hence are more prone to numerical noise).
As explained in Sec. II B, we excise the portion of the
spacetime inside of the apparent horizons and common
horizon from our simulations. This region thus does
not show up in the visualizations. Most importantly, this
excision region lies inside of the event horizon, so anything
that enters this region will not make it out to future null
infinity. Thus, any non-linearities which enter this region
will not make it to the gravitational wave detector.
We are most-interested in the relative values of the
Kerrness measures as a function of time. Recall from
Sec. II A 1 that the lower bound of the scale is given by the
numerical noise floor, and can be thought of as zero. We
can thus compare the maximum values of each Kerrness
measure to this ‘zero’ value to quantify how many orders
of non-linearity are spanned during the merger.
We present the first Kerrness measure in Fig. 3. In the
nomenclature of [4], this is the Speciality measure, which
determines whether the spacetime is algebraically special
(cf. [30] for technical details). We see that initially, when
the black holes are still relatively far apart, according
to this measure, there are fewer non-linearities present.
As the black holes come closer to merging, strong non-
linearities develop between the two black holes. Once the
common horizon forms, however, it encompasses most of
these quantified non-linearities. As time progresses, the
remaining non-linearities as quantified by the Speciality
measure enter the common horizon, and hence enter event
horizon and do not make it to future null infinity. At
later times, we see a quiescent Kerr black hole.
Next, in Figs. 4 and 5, we show the Type D1 and
Type D2 measures in the nomenclature of [4]. These
measures check whether the spacetime is Petrov type
D (cf. [30]). As explained in Sec. IIA, we use these
measures to quantify non-linearities in the spacetime. We
see that for the Type D1 measure, non-linearities increase
as the black holes merge, and though some of the initial
non-linearities as quantified by Type D1 are immediately
encompassed by the common horizon upon formation,
the other ones go into the common horizon (and hence
the event horizon) with time. A similar picture holds for
Type D2. We see a quiescent Kerr black hole at late times
in each case.
Movies of these Kerrness measures evolving in time can
be downloaded at
github.com/mariaokounkova/BBHNonlinearity
5FIG. 3. Visualization of non-linearities using the Speciality Kerrness measure from [4] on the computational domain of an
equal mass, non-spinning, circular binary black hole merger. Increasing values correspond to higher non-linearity, but should be
thought of as a relative scale. Each panel corresponds to a different spatial slice labelled by coordinate time t of the simulation.
We show the Kerrness measure in the plane of the binary normal to the orbital angular momentum. The white regions correspond
to the computational domain excision regions, as detailed in Sec. II B. These are located inside of the black hole apparent
horizons, which are in turn located inside of the event horizon. Thus, anything that enters this region will not make it out
to the gravitational wave detector. Initially, there are two excision regions, one corresponding to each black hole. Between
t = 1126.5M and t = 1127.M , a common apparent horizon forms (cf. Fig. 1), encompassing both black holes. We thus excise
the region inside of the common horizon from the computational domain, noting that this common horizon is inside of the
event horizon, and hence anything that enters this region will not make it out to the gravitational wave detectors. Note that
the colors are on a logarithmic scale. The lower bound of the color scale (dark blue) is set by the numerical noise floor (cf.
Sec. IIA 1). This corresponds to the fact that the Kerrness measures are non-zero on a pure Kerr black hole due to numerical
error, but that they converge to zero with increasing numerical resolution. Thus, at each numerical resolution, there is a ‘noise
floor’. The values should be treated as relative, with an increase in six orders of magnitude visible in this case. We see that as
the black holes merge, strong non-linearities develop, but that these non-linearities are mostly encompassed by the common
horizon, and that any remaining ones enter the common horizon with time. At late times, a quiescent Kerr black hole remains.
6FIG. 4. Similar to Fig. 3, but for the Type D1 Kerrness measure (cf. [4]). Larger values correspond to more non-linearity, with
a span of five orders of magnitude (the lower bound is set by the numerical noise floor as detailed in Sec. IIA 1). We see the
development of non-linearities close to merger, and though some are encompassed by the common horizon at its formation, the
rest continue to enter the common horizon (and hence the event horizon) with time. The final state is a Kerr black hole.
7FIG. 5. Similar to Fig. 4, but for the Type D2 Kerrness measure (cf. [4]). Note that compared to the Type D1 measure
presented in Fig. 4, this measure contains a third derivative of the spacetime metric (cf. [4]), and thus contains more numerical
noise, leading to some of the noisy artifacts (for example the horizontal line between the two black holes at t = 1118M that
corresponds to a domain boundary). We see that, as time progresses, the non-linearities are strongest between the two holes,
and are mostly included inside the common horizon at the time of formation (t = 1127.0M). As time progresses, the remaining
non-linearities continue to go down the common horizon (compare the t = 1127.0M and t = 1128.0M panels).
8IV. DISCUSSION AND CONCLUSION
In this work, we aimed to explore the recent results
of Giesler et al. [1], which showed that the post-peak
gravitational radiation in a numerical binary black hole
merger can be fully described by linear perturbation the-
ory. Given that binary black hole mergers are violent,
non-linear events, the question arises of where the non-
linearities in the spacetime ‘go’ if they do not make it out
to future null infinity, where gravitational detectors live.
We investigated the behavior of non-linearities in the
strong-field region of a numerical relativity binary black
hole merger. We used a key result from [4] that a set of
Kerrness measures can be used to quantify non-linearities
in black hole spacetimes, as explained in Sec. IIA. Us-
ing these measures, we found that in the strong-field
region, strong non-linearities develop close to merger,
most of which are immediately encompassed by the com-
mon horizon (cf. Sec. II B), and the rest of which make
their way into the common horizon with time. Since the
common horizon lies inside of the event horizon, these
non-linearities will not make it out to the gravitational
wave detector.
We also showed that the post-peak gravitational radia-
tion associated with this simulation, as seen by a gravita-
tional wave observer, is fully describable by linear theory
(cf. Sec. III B), corroborating the results of [1].
This investigation, a numerical experiment, is one piece
of one aspect of the puzzle brought on by the results
of [1]. There are many outstanding theoretical questions,
including considering why the post-merger gravitational
radiation is so well-described using the properties of the
final black hole mass and spin, even when the post-merger
black hole has a changing mass and angular momentum
(cf. [31] for one recent work on this topic). There are
many more theoretical investigations to be done in this
line of work, and perhaps this numerical experiment can
be used to inform some of them.1
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